National Exams December 2019

16-Elec-B1, Digital Signal Processing

3 hours duration

NOTES:

i

If doubt exists as to the interpretation of any question, the
candidate is urged to submit with the answer paper, a clear statement
of any assumptions made.

2. This is a Closed Book exam.
Candidates may use one of two calculators, the Casio or Sharp
approved models. They are also entitled to one aid sheet with tables &
formulas written both sides. No textbook excerpts or examples solved.

3. FIVE (5) questions constitute a complete exam.
Clearly indicate your choice of any five of the six questions given
otherwise the first five answers found will be considered your pick.

4. All questions are worth 12 points.
See below for a detailed breakdown of the marking.

Marking Scheme

1. (a)3,(b)3,(c)3,(d)3,total =12

2. (a) 3, (b)3,(c)3,(d) 3, total =12

3. (a)3,(b)6, (c)3, total =12

4. (a)3,(b)4,(c)5, total =12

5. (a)2,(b)2,(c)2,(d)?2, (e)2, ()2, otal =12

6. (a)4, ()4, (c)4, total = 12

The number beside each part above indicates the points that part i1s worth

Page 1 of 8



16-Elec-B1, December 2019 Page 2 of 8

1.

Consider the representation of the process of sampling followed by reconstruction shown in
the figure below.

s = X 8- nT)

n=—=c

- X - H.(jQ) ——
x:(2) x5() x,(t)
Assume that the input signal is
x.(t) = 2cos(100mt — w/4) + cos(300mt +m/3), —oo<t< oo,

The frequency response of the reconstruction filter is

(a)

(b)

(©

(d)

(T, 19l =n/T
”r(’”)‘{o, 10| > /T

Determine the continuous-time Fourier transform X (j€2). Plot it as a function of ().

Assume that f; = 1/T = 500 samples/sec and plot the Fourier transform X(j(2)
as a function of Q for —27/T < Q < 2m/T. What is the output x,.(t) in this case?
(You should be able to give the exact analytical expression for x,(t)).

Now, assume that f; = 1/T = 250 samples/sec. Repeat part (b) for this condition.

Is it possible to choose the sampling rate so that
x.(t) = A + 2cos(100nt — 1 /4)
where A is a constant?

If so, what is the sampling rate f; = 1/T, and what is the numerical value of A?
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2.- Consider the six-point sequence
x[n] = 68[n] + 56[n — 1] + 46[n — 2] + 36[n — 3] + 26[n — 4] + 6[n — 5]

shown in the figure below

2
I i

3 92 410 1 2 3 4 5 6 1 8 n

(a) Determine X [k], the six-point DFT of x[n].
Express your answer in terms of Wy = e /27/6,

(b) Plot the sequence w[n], n = 0, 1, ..., 5, that is obtained by computing the
inverse six-point DFT of W[k] = W2 X[k].

(c) Use any convenient method to find the six-point circular convolution of x[n]
with the sequence h[n] = &[n] + &[n —1] + &[n — 2]. Sketch the result.

(d) If we convolve the given x[n] with the given k[n] by using an N-point circular
convolution, what value should be chosen for N such that the result of the
circular convolution is identical to the result of the linear convolution? Explain.

3.- The system function of a causal LTI system is

1—-2z71
H[Z} = ——3—
2 -1
1+ 77
The input to this system is
1 n
gl = (5) Y iy

(a) Find the impulse response of the system, h[n].
(b) Find the output y[n].

(c) Is the system stable? Justify.
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4.- A causal LTI system has system function given by the following expression:

1—-2z1
— + = —
1—2z"1 1—-2z"140.8z72

H(z) =

(a) Is this system stable? Explain briefly.

(b) Draw the signal flow graph of a parallel form implementation of this system.
Use a direct form II implementation for the 2™_order subsystem.

(c) Draw the signal flow graph of a cascade form implementation of this system as
a cascade of a 1%-order system and a 2™-order system. Use a transposed direct
form II implementation for the 2™-order system.

5.- We wish to use the Kaiser window method to design a discrete-time linear phase FIR filter
that meets the following specifications:

0.95 < |H(e/®)| < 1.05, 0 < |w| < 0.2m,
|H(e7®)| < 0.06, 0.37 < |w| < 0.4757,
1.95 < |H(e/?)| £ 2.05, 0.5257 < |w| S .

Kaiser formulas:

0.1102(4 — 8.7), A > 50,

B =1{0.5842(4 — 21)°* + 0.07886(4 — 21), 21 <A <50, whereA= —20logyd,
0.0, A <21

M= %};—En; where Aw is the transition band width in the design specifications.

(a) What is the highest value of the tolerance & that can be used to meet the
specifications? Explain.

(b) What is the corresponding value of 57
(c) What is the highest value of Aw to be used to meet the specifications? Explain.

(d) Find the length of the shortest impulse response h[n], i.e. least number of filter
coefficients, that will satisfy the specifications above. Explain.

(e) What is the delay introduced by the resulting filter in number of samples?

(f) Provide the ideal impulse response hgy [n] to which the Kaiser window should be
applied to obtain h[n].
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6.- (a)

(b)

(c)

During the design of an IIR digital filter using the bilinear transformation, the s-plane
poles obtained in the design of the Butterworth analogue filter prototype based on

|[HGQ)|? are:

p; = 0.71e/m/12 ps = 0.71e/97/12 py = 0.71¢/177/12
py = 0.71e/37/12 pe = 0.71e117/12 p1o = 0.71e/297/12
p3 = 0.71eJ57/12 p, = 0.71/137/12 p1y = 0.71e/217/12
py = 0.71e/77/12 pg = 0.71e/15m/12 pyz = 0.71e/237/12

(i) Which poles would you choose to form the analogue filter response H(s)?
Explain why.

(ii) How would you then find the digital filter response H(z) from H(s)?

You are to design a lowpass IIR digital filter using the impulse invanance
transformation. During the design of the Butterworth analogue filter prototype you
solve a system of two equations determined by the desired frequency response for the
pass-band corner frequency and the stop-band corner frequency.

The values resulting for the Butterworth analogue filter parameters are:

Q. = 0.815, and N =5.305
(i) ‘What should your next step be?

(i) If you were to exactly meet the desired frequency response specifications for the
passband corner frequency or the stopband corner frequency, which one of the two
would you choose to meet? Explain why.

There are four types of linear-phase FIR digital filters. Not all of them are able to
accommodate all types of frequency selective filters; lowpass, highpass, bandpass and

bandstop.
In the table below mark with an X those implementations that are not possible to occur

and justify why not based on the z-plane forced zero locations of H(z) for each filter
type.

FIR Filter Lowpass Highpass Bandpass Bandstop

Type 1

Type 11

Type 111

Type 1V
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Additional Information
(Not all of this information is necessarily required today!)

DTFT Synthesis Equation

T
x[n] = e jX(ef‘”)eJ“’"dm
27

DTFT Analysis Equation

X(e/®) = ix[n]e‘f"’"

-7 n=—co

Parseval’s Theorem N-point DFT
[} e 2
E = Yhinf jX(eJ )] do =S mwhr, w - .
n=—cc —7\:
n=0

Z-ransform of a sequence x|n] Sinusoidal response of LTI systems, real h[n]

ix[n]z_" y[n] =

n=—oo

X(z) = |H(ej“’°)| cos (won + <):H(ef‘"0))

SOME z-TRANSFORM PROPERTIES

Property  Section
Number Referénce Sequence Transform: ROC
x[n] X(z) R
xi[n) X1(z) Rx
5[] X2(2) Ry,
_ 3.4.1 axy[n] + bxa[n] aXi(z) + bX2(2) Contains Ry, N Ry,

2 342 x[n —np] 70X (z) R, except for the possible
addition or deletion of
the otigin or ¢o

3 3.4.3 zpx[n] X(z/%0) |zo| Rx

1X(z

4 34.4 nxfn] —z‘ '.-'f ) R,
5 34.5 x*[n] X*(z%) R,

1
6 Ref{x[n]} E[X (z) + X* ()] Contains Ry

1
7 Im{x[n}} 7[){ (z) — X*(z*)] Contains R,

J]
8 3.4.6 x*[—n] X*(1/z%) 1/R,
9 2 x1{n] x x2[n] X1(2)X2(2) Contains Ry, M Ry,
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Additional Information (cont’d)

Geometric Sum

_1-4"

Geometric Series

= i
k — :
Eq 1=q lql <1

k=0

Properties of the Discrete Fourier Transform

Finite-Length Sequence (Length N) N-point DFT (Length N)
1. x[n] XI[K]
2. x[n]. x2[n] X1[k], X2[k]
3. axi[n] + bxz[n] aXi[k] + bXs[k]
4. X[n] Nx[((—=k))N]
5. x[((n—m)n] W X[k
6. Wy™x[n] X[((k— )]

N-1
7.y mlmnl((n—m)N] X3 (K] %2 [4]

m=0

8 xi [n]xz [n]

9. x*[n]

10.  x*[((=n))n]

11. Re(x[n]}

12.  jImix[n}}

13 xepln] = 2{x[n] + x* (=]}
14 xop[n] = 3 (x[n] — x* [((-=m))N]}

Properties 15-17 apply only when x[n] is real.

15. Symmetry properties

16. xep[n] = %{‘f[”] + x[((=n)~]}
17, xgpln] = %{x[n] —x[((—n))N]

N-1

= B OX (k- )]
£=0
X[k

X*[4]
Xeplk] = [((k))N]+X*[(( —k)) v}
Xoplk] = H{X[((K)n] — XH((=R)N]}
Re{X [k]}
JIm{ X[k}
X[k] = X*[((-=Kk)N]
Re{ X[k]} = Re{X[((-Kk))nl}
Jm{X[ I} = =Im{X[((=K)n]}
X[kl = I XU((=R)w]I
X[k} = —<UX[((=k)n]}
Re{ X[k}
JIm{ X [k]}
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SOME COMMON z-TRANSFORM PAIRS

Sequence Transform ROC
1. §[n] 1 All z
1
2 zl>1
ulr) I 4
3. —uf 1] ! lz} <1
. —ul-n T
4. 8[n —m) z " All z except 0 (if m > 0)
or oo (ifm < ()
5. a"uln] — \z| > la]
1—az™!
6 n 1 ___1_ |z] < |a|
. —a"u[-n—1] T 2l
7. nauln] i 2| > la|
8= = (1—az71)?
—1
az
8. —na"u[——n —1] -(—172_—1-)5 |z] < |al
1 — [cos wo]z ™t
zl>1
9. [cos won]uln] T Zeoswolzt + 22 |zl
[sin a)o]z_l
: zl >1
10. [sin wonlujn] - [coswole + 22 |z
1 —[rcos wolz !
n | >r
11. [r" cos won]u[n] T2 coswolz 1 11722 1zl
[r sinwglz™!
% si zl>r
12. [r" sin won]uln] T or coswole—t + 1722 |z|
_ _N_-N
13 Jah 0=n=N-1 l-a’z iz} > 0
0, otherwise 1—az!?

Initial Value Theorem:

If x[n] is a causal sequence, i.e. x[n] =0, Vn <0, then
x[0] = lim X(2)
Z—00



